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ABSTRACT
This paper presents a nonlinear subspace clustering (NSC)
method for image clustering. Unlike most existing subspace
clustering methods which only exploit the linear relationship
of samples to learn the affine matrix, our NSC reveals the
multi-cluster nonlinear structure of samples via a nonlinear
neural network. While kernel-based clustering methods can
also address the nonlinear issue of samples, this type of methods suffers from the scalability issue. Differently, our NSC
employs a feed-forward neural network to map samples into
a nonlinear space and performs subspace clustering at the top
layer of the network, so that the mapping functions and the
clustering issues are iteratively learned. Experimental results
illustrate that our NSC outperforms the state-of-the-arts.
Index Terms— Subspace clustering, neural network,
nonlinear transformation, local similarity
1. INTRODUCTION
Subspace clustering has been one important visual analysis
task and has many potential applications such as image and
motion segmentation [1, 2], face clustering [3], and so on.
The objective of subspace clustering is to partition samples
into different subspaces and seek the multi-cluster structure
of data [4, 5]. Over the past decade, a number of subspace
clustering methods have been proposed in the literature.
Existing subspace clustering methods can be mainly divided into four categories including algebraic based, iterative
based, statistical based and spectral clustering based methods [4]. Methods in the first category apply the linear algebra
or polynomial algebra theories to split the data into different
subspaces, where the typical methods are matrix factorization
* Corresponding author.
This work was supported in part by the National Key Research
and Development Program of China under Grant 2016YFB1001001, the
National Natural Science Foundation of China under Grants 61672306,
61572271, 61527808, 61373074 and 61373090, the National 1000 Young
Talents Plan Program, the National Basic Research Program of China under Grant 2014CB349304, the Ministry of Education of China under Grant
20120002110033, and the Tsinghua University Initiative Scientific Research
Program.

Data

Neural Network

Subspace clustering

Fig. 1. The basic idea of our NSC method. We employ a feedforward neural network to map samples into a nonlinear space
and learn the self-representation matrix to perform subspace
clustering at the top layer of the network. The parameters of
our model are iteratively learned.

based methods and generalized PCA [6]. Matrix factorization
based methods segment data by factorizing the data matrix into a low-rank matrix and a bases matrix [7]. Generalized PCA
assumes that a set of polynomials of degree n can fit a union
of n subspaces [6]. Methods in the second category iteratively update the clusters of the subspaces to partition the data.
For example, the K-subspace method assigns a new sample
to the nearest subspaces and then updates the subspaces [8].
Statistical based methods assume that the data obeys some
distributions and estimate the subspaces with the distributions. Two representative methods in this category include random sample consensus [9] and agglomerative lossy compression [10]. Methods in the last category [11–15] first utilize
the self-representation property which reflects the similarity
structure of data to reconstruct the original data and then impose sparse, low-rank or the grouping effect constraints on the
self-representation matrix [4]. Representative methods in this
category include sparse subspace clustering [11], low-rank
representation based subspace clustering [12], least squares
regression based subspace clustering [14] and smooth representation clustering [15].
Most existing subspace clustering methods only facilitate

the linear relationship of samples to learn the affine matrix,
which are not powerful enough to model the nonlinear relationship of samples, especially when images are captured
in wild conditions. While kernel-based clustering methods [16, 17] can also address the nonlinear issue of samples,
this type of methods suffers from the scalability issue. To address this, we propose a nonlinear subspace clustering (NSC)
method for image clustering. Specifically, we employ a feedforward neural network to map samples into a nonlinear space
and learn the self-representation matrix to perform subspace
clustering at the top layer of the network. The parameters of
our model are iteratively learned. Fig. 1 shows the basic idea
of the proposed NSC method. Experimental results illustrate
that our NSC outperforms the state-of-the-arts.
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J2 utilizes the grouping effect and the effectiveness of the
grouping effect is proved in [15], which is formulated as
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where L is the Laplacian matrix and L = D − S, S measures
the similarity of data, D is the diagonal matrix with the elen
P
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Sij . J3 is the regularization term and aims to
j=1

avoid the model over-fitting, which is designed as
2. NONLINEAR SUBSPACE CLUSTERING
In this section, we first describe the proposed model NSC and
then details the optimization procedure.
2.1. Model
Let X = [x1 , x2 , ..., xn ] ∈ Rd×n denote the data matrix,
where xi is the ith sample of X, the dimension of data matrix
is d and the number of samples is n. C = [c1 , c2 , ..., cn ] ∈
Rn×n is the self-representation matrix. We utilize a multilayer feed-forward neural network to map each sample xi into
a nonlinear feature space so that the nonlinear relationship of
samples can be well discovered. Assume that there are M + 1
layers in our NSC model, which conducts M times nonlinear
transformations. To give a clear description of our model, we
make some definitions. The input sample xi is denoted as
(0)
hi = xi ∈ Rd and the output of mth layer is denoted as


hi (m) = g W(m) hi (m−1) + b(m) ∈ Rdm ,
(1)
where m = 1, 2, ..., M is the number of the layer in the network, g (·) denotes the activation function, dm is the dimension of the outputs in the mth layer. W(m) ∈ Rdm ×dm−1
and b(m) ∈ Rdm are the weight and bias matrixes in the mth
layer respectively [18].
Given the data matrix X, the output H(M ) of the top layer
in the neural network is defined as
H(M ) = [h1 (M ) , h2 (M ) , ..., hn (M ) ].

(2)

NSC first transforms the data matrix X into a nonlinear
space by a multi-layers feed-forward neural network to obtain
H(M ) and then conducts the subspace clustering iteratively.
The objective function J of NSC can be formulated as
J = J1 + αJ2 + βJ3 ,
min
M
{W(m) ,b(m) }m=1 ,C

(3)

where J1 is the loss function and guarantees the rebuilding
ability of the self-representation matrix in the nonlinear space,
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The corresponding α and β are the positive parameters.
Then, NSC can be expressed as
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2.2. Optimization
In this subsection, we present the detailed procedures of the
optimization problem in (7). We update W(m) , b(m) and C
iteratively.
Update W(m) , b(m) : To update W(m) and b(m) , we fix
C, H(M ) and remove the irrelevant term to obtain the following optimization problem:
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The optimization problem in (8) can be solved by the subgradient descent algorithm.
We take the derivative of the objective in (8) with the parameters W(m) , b(m) to zero and apply the chain rule [18–
22] to acquire the following equations:

T
∂J
= ∆(m) hi (m−1) + βW(m) ,
(9)
(m)
∂W

Algorithm 1 : NSC
Input:
The data matrix X = [x1 , x2 , ..., xn ] ∈ Rd×n ;
The parameters λ1 and λ2 ;
Output:
The neural network W(m) , b(m) m = 1, 2..., M ;
The self-representation matrix C;
1: Initialize W(m) , b(m) , H(M ) and C.
2: Compute the Laplacian matrix L;
3: while
4:
Update W(m) and b(m) by (8);
5:
Compute H(M ) by (1);
6:
Update C by (14);
7: end

where ∆(m)

∂J
=∆(m) + βb(m) ,
∂b(m)
has the following form:

3.1. Data Sets and Settings

(10)

 


T
 W(m+1) ∆(m+1) g 0 z(m) , m = 1, ..., M − 1


 i 
∆(m) =
(M )
 hi (M ) − H(M ) ci
g 0 zi
,m = M
(11)
(m)

where zi = W(m) hi (m−1) + b(m) , g (·) is the activation
function whose derivative is g 0 (·). The operator means the
element-wise multiplication.
Thus, the neural network can be updated by the following
paradigm:

∂J
W(m) = W(m) − τ ∂W
(m)
(12)
b(m) = b(m) − τ ∂b∂J
(m)
where τ is the step size (we set τ = 10−4 in our experiment).
Update C: To update C, we fix W(m) , b(m) and omit
unrelated items, then we get the following optimization problem:
2
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C

F

we set the derivative of (13) with C to zero and have:
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H(M )
H(M ) C+αCL = H(M )
H(M ) , (14)
the equation in (14) is the continuous Lyapunov equation,
which can be solved using the MATLAB “lyap” function.
We alternately update W(m) , b(m) and C until the objective function converges. Then, the self-representation matrix C is earned and we build the graph. Finally, we perform
spectral clustering on the graph. The detailed algorithm of
our NSC method is summarized in Algorithm 1.
3. EXPERIMENTS
In this section, we will present the implementation details and
experimental results in our experiment.

We conducted experiments on two famous benchmark datasets: Extended Yale Face B [23] and USPS [24].
The Extended Yale Face B dataset [23] is a face dataset
containing 38 individuals with different pose and illumination
conditions and the original size is 192 × 168 pixels. The first
10 persons are used, each person has 64 frontal face images
and all images are resized to 48 × 42 pixels. We used PCA to
reduce the dimension of data into 170 dimensions.
The USPS dataset [24] has 9298 handwritten digit images
and the size of each image is 16 × 16 pixels. For each digit,
we selected the first 100 images.
We employed two evaluation criteria [15,18] including the
clustering error (ce) and normalized mutual information (NMI) to evaluate the performances of different subspace clustering methods.
3.2. Parameter Settings
Following the work in [15], we built the similarity matrix S by
using the k-nearest neighbor graph with 0-1 weights. Moreover, we set the neighbor size as 4. A small diagonal matrix
θI is added to the Laplacian matrix L for the propose of numerical stability. I is the identity matrix and 0 < θ  1
(θ = 0.001 for the USPS dataset, θ = 0.01 for the Extended
Yale Face B dataset in our experiment) [15].
For a fair comparison, we used a ’grid-search’ approach
to tune parameters in the range of {10−3 , 10−2 , ..., 103 }. The
tanh function is used as the nonlinear activation function in
NSC and has the following form:
g (x) = tanh(x) =

ex − e−x
,
ex + e−x

(15)

and the derivative is denoted as:
g 0 (x) = tanh0 (x) = 1 − tanh2 (x).

(16)

where W(m) and b(m) are initialized as the identity matrix
and the zero matrix respectively. The neural network for the
Extended Yale Face B dataset has three layers with 168-10070 neurons, α and β are set as 0.1 and 10−3 . We trained the
neural network on the USPS dataset with three layers and the
number of each layer is 256, 256 and 256, and α and β are set
as 103 and 10.
3.3. Results and Analysis
We compared NSC with four state-of-the-art methods: SSC [11, 25], LRR [12], LSR [14] and SMR [15]. The codes
of comparison algorithms are acquired from the original authors. LSR has two different forms named LSR1 and LSR2
separately. In this subsection, we conduct the experiments on
two datasets and then present and investigate the experimental
results clearly.
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Fig. 2. The clustering error and NMI of NSC on USPS and Extended Yale B datasets with different values of α and β: (a) the
clustering error on USPS, (b) the clustering error on Extended Yale B, (c) the NMI on USPS, (d) the NMI on Extended Yale B.

Table 1. Experimental results on the Extended Yale Face B
dataset (%).
Method SSC LRR LSR1 LSR2 SMR NSC
CE 33.1 38.6 30.3 26.9 26.1 25.0
NMI 58.4 54.5 57.8 65.3 66.1 67.1
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Table 2. Experimental results on the USPS dataset (%).
Method SSC LRR LSR1 LSR2 SMR NSC
CE 41.5 29.3 29.4 31.1 29.5 12.4
NMI 59.6 67.6 68.0 66.6 69.6 79.0

Talbe 1 presents the clustering error and NMI of different subspace clustering methods on the Extended Yale Face B
dataset. We see that NSC and SMR can hold the local similarity relationship and have good performances. Our NSC
mines the nonlinear structure among data and outperforms
SMR about 1.1% and 1.0% in clustering error and NMI.
Table 2 shows the clustering error and NMI of different
subspace clustering methods on USPS dataset. The best results are marked in bold. As can be seen, NSC achieves best
performance in clustering error and NMI. As to clustering error, NSC outperforms SSC method by 29.1% and the best
comparison method by 16.9%. For NMI, NSC improves SSC
method by 19.4% and the best comparison method by 9.4%.
The sensitiveness of parameters α and β is investigated.
Fig. 2 presents the clustering error and NMI of NSC on the
USPS and Extended Yale B datasets with different α and β.
The X-axis is the parameter β, the Y-axis is the parameter α
and the Z-axis represents the clustering error or NMI. For the
ease of representation, we take the logarithms (base 10) of parameters. We see that NSC is not sensitive to the parameter α
in clustering error and NMI. As we know, the regularization
term is crucial to avoid the overfitting of models. Thus, an appropriate β can lead to a good performance and the accuracies
of clustering error and NMI change sharply with the variation
of β. When the β is so large or small, the model has no effec-
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Fig. 3. The clustering error and NMI of NSC on the USPS
dataset with different activation functions.
t. The grouping effect is applied to guide the learning of the
affine matrix and only provides the tendency. For a given β,
the clustering error and NMI change slightly with different α.
We also evaluated the performances of different nonlinear
activation functions used in our NSC model such as the tanh,
linear, nssigmod [26], sigmod and ReLu [27] functions on the
USPS dataset, where the clustering performances of different
methods are shown in Fig. 3 (the best results are recorded).
We see that the ReLu activation function has the worst performance in clustering error and NMI, The activation functions tanh and nssigmod achieve the lowest clustering error and
the activation function nssigmod acquires highest value in NMI. The difference between the activation functions tanh and
nssigmod is limited.
4. CONCLUSION
In this paper, we have proposed a nonlinear subspace clustering method (NSC) for image clustering. NSC simultaneously transforms the original feature space into a nonlinear
space. Experimental results have clearly shown that our NSC achieve superior results than four state-of-the-art subspace
clustering methods. In the future, we are going to enforce
more constraints to discover the geometrical information of
samples to further improve the clusering performance.
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