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ABSTRACT
We present in this paper a nonlinear subspace clustering (NSC) method for face clustering. Unlike
most existing subspace clustering methods which only exploit the linear relationship of samples
to learn the affine matrix, our NSC reveals the multi-cluster nonlinear structure of samples via a
nonlinear neural network. While kernel-based clustering methods can also address the nonlinear issue
of samples, this type of methods suffers from the scalability issue. Specifically, our NSC employs a
feed-forward neural network to map samples into a nonlinear space and performs subspace clustering
at the top layer of the network, so that the mapping functions and the clustering issues are iteratively
learned. Otherwise, our NSC applys a similarity measure based on the grouping effect to capture the
local structure of data. Experimental results illustrate that our NSC outperforms the state-of-the-arts.
Keywords: subspace clustering; neural network; nonlinear transformation; local similarity
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1. Introduction
Subspace clustering has been one important visual analysis
task and has many potential applications such as image and
motion segmentation (Lauer and Schnörr, 2009; Rao et al.,
2010), face clustering (Xiao et al., 2014) and so on. The objective of subspace clustering is to partition samples into different
subspaces and seeks the multi-cluster structure of data (Vidal,
2011). Over the past decade, a number of subspace clustering
methods have been proposed in the literature.
Existing subspace clustering methods can be mainly divided
into four categories including algebraic based, iterative based,
statistical based and spectral clustering based methods (Vidal,
2011). Methods in the first category apply the linear algebra
or polynomial algebra theories to split the data into different
subspaces, where the typical methods are matrix factorization
based methods (Costeira and Kanade, 1998; Kanatani, 2001)
and generalized PCA (Vidal et al., 2005). Matrix factorization
based methods segment data by factorizing the data matrix into a low-rank matrix and a bases matrix (Costeira and Kanade,
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1998). These methods easily fail when the subspaces are connected or influenced by noise. Generalized PCA assumes that
a set of polynomials of degree n can fit a union of n subspaces
(Vidal et al., 2005). GPCA can be considered as polynomial
fitting, thus GPCA can handle subspaces with different dimensions and is sensitive to noise. Methods in the second category first assign the samples to subspaces and then iteratively update the clusters of the subspaces to partition the data.
For example, the K-subspace method appoints a new sample
to the nearest subspaces and updates the subspaces in the following (Agarwal and Mustafa, 2004). Statistical based methods
suppose that the data obey Gaussian distribution and apply Expectation Maximization (EM) to estimate the probabilities of
subspaces. Two representative methods in this category include
random sample consensus (Fischler and Bolles, 1981) and agglomerative lossy compression (Ma et al., 2007). Methods in
the last category (Elhamifar and Vidal, 2009; Luo et al., 2011;
Lu et al., 2012; Hu et al., 2014; Liu et al., 2013) first utilize the
self-representation property which reflects the similarity structure of data to reconstruct the original data and then impose
sparse, low-rank or the grouping effect constraints on the selfrepresentation matrix (Vidal, 2011). Representative methods
in this category include sparse subspace clustering (SSC) (Elhamifar and Vidal, 2009), low-rank representation based sub-
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Fig. 1. The basic idea of our NSC method. We employ a feed-forward neural network to map samples into a nonlinear space and learn the selfrepresentation matrix to perform subspace clustering at the top layer of the network. The parameters of our model are iteratively learned.

space clustering (LRR) (Liu et al., 2013), least squares regression based subspace clustering(LSR) (Lu et al., 2012) and smooth representation clustering (SMR) (Hu et al., 2014). Sparse subspace clustering (SSC) holds the assumption that each
subspaces can be linear and sparse combination of other points.
SSC seeks for the points in the same subspace with the sparsest
representation. SSC can deal with noise and outliers (Elhamifar
and Vidal, 2009). Unlike SSC obtaining the sparsest representations of candidate points, LRR finds the lowest-rank representation of each data and uncovers the correlation structure of
data. Otherwise, an effective way is provided to obatin robust
data segmentation (Liu et al., 2013). The block diagonal property of data between-cluster is used in SSC and LRR, however
least squares regression based subspace clustering (LSR) utilizes the within-cluster correlations and segments data by using
the group effect. The group effect describes that the close data
have the close representations and the correlations in the real
data tend to be dense and highly correlated, the F-norm should
be used to group data (Lu et al., 2012). Smooth representation
clustering (SMR) also applys the group effect of representation
and proves the effectiveness for subpsace clustering in the selfrepresentation model. Further, SMR proposes a new form of the
group effect which is more superior than the old one (Hu et al.,
2014). Spectral clustering based methods have achieved good
performance, but these methods can not deal with the points between the intersection of subspaces and only utilize the linear
structure of data.
Most existing subspace clustering methods tend to exploit the
linear relationship of samples to learn the affine matrix, which
are not powerful enough to model the nonlinear relationship of
samples, especially when images are captured in wild conditions. Thus, many kernel-based clustering methods appear (Patel and Vidal, 2014; Xiao et al., 2016). Kernel-based clustering methods embed the nonlinear data into a high-dimension
space by a nonliner mapping, However, this type of methods
suffers from the scalability issue. To address this, we propose
a nonlinear subspace clustering (NSC) method for face clus-

tering. Specifically, we employ a feed-forward neural network
to transform samples into a nonlinear space and learn the selfrepresentation matrix to perform subspace clustering at the top
layer of the network. The parameters of our model are iteratively learned. Figure 1 shows the basic idea of the proposed NSC
method.
We summary our contributions as follows:
1. We propose a nonlinear subspace clustering method (NSC), which utilizes a feed-forward neural network to embed samples into a nonlinear space.
2. NSC can capture the local structure of data via the grouping effect.
3. Experimental results illustrate that our NSC outperforms
the state-of-the-arts.
2. Related Work
Let X = [x1 , x2 , ..., xn ] ∈ Rd×n denote the data matrix, C =
[c1 , c2 , ..., cn ] ∈ Rn×n is the self-representation matrix, where xi
is the ith sample of X, the dimension of data is d and the number
of data is n.
2.1. Subspace Clustering
Recently, representation based subspace clustering methods (Elhamifar and Vidal, 2009; Liu and Yan, 2011; Lu et al.,
2012; Liu et al., 2013; Hu et al., 2014) have attracted many attentions and achieved superior results. The self-representation
approach is used to seek the block diagonal property of data between-cluster and then conduct spectral clustering on the
self-representation matrix. Generally, these methods can be formulated as:
min kX − XCkl + λR (C)
(1)
C

where k·kl defines the suitable norm of loss function, R (C) is
the regularization term and λ is a trade-off parameter.

3
SSC aims to find the sparse representation of data and has the
fllowing form:
min kCk1 s.t. X = XC , diag(C) = 0
C

(2)

The sample can be spare represented by other samples in the
same subspace. SSC has difficulty dealing with the highly relevant samples as the only sample is selected. Otherwise, the
l1 -norm minimization problem is time-consuming to solve (Elhamifar and Vidal, 2009).
LRR assumes that the representation of data is low-rank as
well as sparse which captures the global structure of data accurately. LRR solves the following problem:
min kX − XCk2,1 + λkCk∗
C

(3)

where k·k∗ is the nuclear norm defined by the sum of singular
values of C. LRR is not sensitive to noise and outliers and
can be effectively solved. However, whether the affine matrix
forced to be low-rank leads to the good segmentation need to
be analyzed futher (Liu et al., 2013).
LSR has proved that if the objective function meets Enforced
Block Diagonal (EBD) condition, the affine matrix is block diagnoal. Thus, we can take simple norm like k·kF to restrict the
objective function.
SMR is a special case of EBD condition and applies the
grouping effect to explore the local structure of data. SMR considers the following minimization problem:


min kX − XCk2F + λtr CLCT
(4)
C

Different from these subspace clustering methods, our proposed NSC embeds the samples into a nonlinear space by nonlinear transformation. Thus, NSC can utilize the nonlinearity
of data. Otherwise, the grouping effect is applied to acquire the
local structure of data.
2.2. Neural Network
Due to the nonlinear transformantion of neural network, neural network especially deep neural network has achieved great
success in many applications, e.g. face recognition (Ding and
Tao, 2016; Ding et al., 2015; Ding and Tao, 2015, 2017) and image classification (He et al., 2016). Neural network is composed
of many neural units. Each neural unit is linked to other units
and has inputs, outputs, a summation function (Graupe, 2013).
Multi-layers feed-forward neural network is a kind of neural
network whose adjacent two layers are fully connected in the
networks. In the feed-forward neural network, there is no connection in the same layer and cross-layer. The input of a neural
unit is the outputs of the upper layer. The output of a neural
unit is the result of the summation function with the weighted
inputs. The properly adjusted multi-layers feed-forward neural
network can provide the suitable nonlinear transformation of
input data. Since the complex neural network tends to over-fit,
we use a shallow feed-forward neural network to embed the data into a nonlinear space and then conduct subspace clustering
(Schmidhuber, 2015).

3. Nonlinear Subspace Clustering
In this section, we first describe the proposed model NSC and
then details the optimization procedure.
3.1. Model
As described above, X = [x1 , x2 , ..., xn ] ∈ Rd×n denotes the
data matrix, C = [c1 , c2 , ..., cn ] ∈ Rn×n is the self-representation
matrix, where xi is the ith sample of X, the dimension of data
is d and the number of data is n. We utilize a multi-layer feedforward neural network to map each sample xi into a nonlinear
feature space so that the nonlinear relationship of samples can
be well discovered. Assume that there are M+1 layers in our NSC model which conducts M times nonlinear transformations.
To give a clear description of our model, we make some definid
tions. The input sample xi is denoted as h(0)
i = xi ∈ R and the
th
output of m layer is denoted as


hi (m) = g W(m) hi (m−1) + b(m) ∈ Rdm ,
(5)
where m = 1, 2, ..., M is the number of the layer in the network,
g (·) denotes the activation function e.g. tanh, linear, nssigmod (Nair and Hinton, 2010), sigmod and ReLu (Krizhevsky
et al., 2012), dm is the dimension of the outputs in the mth layer, W(m) ∈ Rdm ×dm−1 and b(m) ∈ Rdm are the weight and bias
matrixes in the mth layer respectively (Peng et al., 2016).
Given the data matrix X, the output H(M) of the top layer in
the neural network is defined as
H(M) = [h1 (M) , h2 (M) , ..., hn (M) ].

(6)

NSC first transforms the data matrix X into a nonlinear space
by a multi-layers feed-forward neural network to obtain H(M) ,
then conducts the subspace clustering iteratively. The objective
function J of NSC can be formulated as
min M
J = J1 + αJ2 + βJ3 ,
,C
{W(m) ,b(m) }m=1

(7)

where J1 is the loss function and guarantees the rebuilding ability of the self-representation matrix in the nonlinear space,
which is defined as
n

J1 =

1 X (M)
hi − H(M) ci
2 i=1

2
.
F

(8)

J2 utilizes the grouping effect to capture the local structure of
data and the effectiveness of the grouping effect is proved in
(Hu et al., 2014), which is formulated as
J2 =


1 
tr CLCT ,
2

(9)

where L is the Laplacian matrix and L = D − S, S measures the
similarity of data, D is the diagonal matrix with the element
n
P
Dii =
S i j . J3 is the regularization term and aims to avoid the
j=1

model over-fitting, which is designed as
M

J3 =

1 X  (m)
W
2 m=1

2
F

+ b(m)

2
2


.

(10)
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The corresponding α and β are the positive trade-off parameters.
Then, NSC can be expressed as
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The proposed neural network model NSC facilitates the selfrepresentation idea to learn the affine matrix at the top layer of
network. The nonlinearity of data is exploited through neural
network and the local structure is manipulated by the grouping
effect.
3.2. Optimization
In this subsection, we present the detailed procedures of the
optimization problem in (11). We update W(m) , b(m) and C iteratively.
Update W(m) , b(m) : To update W(m) and b(m) , we fix C, H(M)
and remove the irrelevant term to obtain the following optimization problem:

min

M
{W(m) ,b(m) }m=1
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∂J
= ∆(m) hi (m−1) + βW(m) ,
(m)
∂W

(13)

∂J
=∆(m) + βb(m) ,
∂b(m)

(14)

∆
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F



+ αtr CLCT .

(17)



H(M)

T 


T 

H(M) C + αCL = H(M) H(M) ,

(18)

the equation in (18) is the continuous Lyapunov equation which
can be settled using the MATLAB “lyap” function.
We iteratively update W(m) , b(m) and C until the objective
function converges. Figure 2 shows the convergence curve on
the Extended Yale Face B and AR datasets with parameters α =
1 and β = 1. Then, the self-representation matrix C is gotten
and we build the graph G = |C| + CT . Finally, we perform
spectral clustering on the graph G. The detailed algorithm of
our NSC method is summarized in Algorithm 1.
4. Experiments

where ∆(m) has the following form:




=



Update C: To update C, we fix W(m) , b(m) and omit unrelated
items, then we get the following optimization problem:

We set the derivative of (17) with C to zero and have:
(12)

The optimization problem in (12) can be solved by the subgradient descent algorithm.
We take the derivative of the objective in (12) with the parameters W(m) , b(m) to zero and employ the chain rule (Peng
et al., 2016) to obtain the following equations:

(m)

Algorithm 1: NSC
Input:
The data matrix X = [x1 , x2 , ..., xn ] ∈ Rd×n ;
The parameters α and β;
Output:
The neural network W(m) , b(m) m = 1, 2..., M;
The self-representation matrix C;
The clustering results;
(M)
(m)
(m)
1 Initialize W , b , H
and C.;
2 Compute the Laplacian matrix L;
3 while not converge do
4
for i = 1, 2, ...., n do
5
Randomly select a sample xi and let h(0)
i = xi ;
6
Update W(m) and b(m) by (12);
7
Compute H(M) by (5);
8
Update C by (18);
9
end
10 end
T
11 Build the graph G = |C| + C ;
12 Acquire the clustering results via spectral clustering;

(15)

where z(m)
= W(m) hi (m−1) + b(m) , g (·) is the activation function
i
whose derivative is g0 (·). The operator means the elementwise multiplication.
Thus, the neural network can be updated by the following
paradigm:
(
∂J
W(m) = W(m) − τ ∂W
(m)
(16)
∂J
(m)
(m)
b = b − τ ∂b(m)
where τ > 0 is the step size (we set τ = 10−4 in our experiment).

In this section, we will present the implementation details
and experimental results in our experiment.
4.1. Data Sets and Settings
We conducted experiments on two popular benchmark
datasets: the Extended Yale Face B (Hu et al., 2014) and the
AR (Zhang et al., 2011).
The Extended Yale Face B dataset (Georghiades et al., 2001)
is a face dataset containing 38 individuals with different pose
and illumination conditions and the original size is 192 × 168
pixels. The first 10 persons are used, each person has 64 frontal
face images and all images are resized to 48 × 42 pixels. We
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Fig. 2. The convergence curves on the Extended Yale Face B and AR datasets with parameters α = 1 and β = 1. (a) shows the curve on Extended Yale Face
B dataset and (b) shows curve on AR dataset

Fig. 3. The Extended Yale Face B dataset. For each individual, the first 10 images are shown with different illumination conditions.

used PCA to reduce the dimension of data into 168 dimensions. Figure 3 shows the first 10 images for each individial with
different illumination conditions.
The AR dataset (Zhang et al., 2011) is a famous dataset in
computer vision. A subset of AR dataset is used containg 50
subjects with variation in illumination and expression. Each
subject has 7 images and the size of image is 128 × 128 pixels.
We used VGG-16 (facenet) to extract the feature with 4096 dimensions and then applied PCA to reduce the dimension to 200
dimensions.
We employed two evaluation criteria (Hu et al., 2014; Peng
et al., 2016) including the clustering error (CE) and normalized
mutual information (NMI) to evaluate the performances of different subspace clustering methods. The clustering error is
defined as
CE = 1 −

N
1 X
δ (pi , qi ),
N i=1

(19)

where pi and qi denote predicted label and the ground truth
label for ith sample respectively, δ (·) is the mapping function
which matchs the predicted labels to ground truth labels. Fol-

lowing, NMI is stated as
N MI (X, Y) =

1
I (X, Y)
,
2 H (X) + H (Y)

(20)

where I (X; Y) and H (X) are denoted as Equation (21) and (22)
respectively.
I (X; Y) =

XX

p (x, y) log

y∈Y x∈X

H (X) = −

n
X

p (x, y)
p (x) p (y)

p (xi ) log (p (xi ))

!
(21)

(22)

i=1

4.2. Parameter Settings
Following the work in (Hu et al., 2014), we built the similarity matrix S by using the k-nearest neighbor graph with 0-1
weights. Moreover, we set the neighbor size as 4. A small diagonal matrix θI is added to the Laplacian matrix L for
the propose of numerical stability. I is the identity matrix and
0 < θ  1 (Hu et al., 2014). For a fair comparison, we
used a ’grid-search’ approach to tune parameters in the range
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Table 1. Experimental results on the Extended Yale Face B dataset (%).

Method SSC LRR LSR1 LSR2 SMR NSC
CE 33.1 38.6 30.3 26.9 26.1 25.0
NMI 58.4 54.5 57.8 65.3 66.1 67.1

100%

80%

60%

tanh
linear
nssigmoid
sigmoid
Relu

Table 2. Experimental results on the AR dataset (%).
40%

Method SSC LRR LSR1 LSR2 SMR NSC
CE 18.3 24.9 16.0 17.7 13.7 9.1
NMI 91.4 80.1 90.7 90.7 92.1 93.6

20%

of {10−3 , 10−2 , ..., 103 }. The tanh function is used as the nonlinear activation function in NSC and has the following form:
g (x) = tanh(x) =

e x − e−x
,
e x + e−x

(23)

and the derivative is denoted as
g (x) = tanh (x) = 1 − tanh (x),
0

0

2

(24)

where W(m) and b(m) are initialized as the identity matrix and
zero matrix respectively. The neural network for the Extended
Yale Face B dataset has three hidden layers with 168-100-70
neurons, α and β are set as 0.1 and 10−3 . We trained the neural
network on AR dataset with two hidden layers and the number
of each layer is 200 and 200. α and β are set as 103 and 0.1.
4.3. Results and Analysis
We compared NSC with four state-of-the-art methods: SSC
(Elhamifar and Vidal, 2009, 2013), LRR (Liu et al., 2013), LSR
(Lu et al., 2012) and SMR (Hu et al., 2014). The codes of comparison algorithms are acquired from the original authors. LSR
has two different forms named LSR1 and LSR2 separately. In
this subsection, we conduct the experiments on two datasets and
then present and investigate the experimental results clearly.
Talbe 1 presents the clustering error and NMI of different subspace clustering methods on the Extended Yale Face B
dataset. We see that NSC and SMR can hold the local similarity relationship and have good performances. Our NSC mines
the nonlinear structure among data and outperforms SMR about
1.1% and 0.01 in clustering error and NMI.
Table 2 shows the clustering error and NMI of different subspace clustering methods on AR dataset. The best results are
marked in bold. As can be seen, NSC achieves best performance in clustering error and NMI. As to clustering error, NSC
outperforms LRR method by 15.8% and the best comparison
method by 4.6%. For NMI, NSC improves LRR method by
0.135 and the best comparison method by 0.015.
We also investigated the sensitiveness of parameters α and β.
Figure 4 presents the clustering error and NMI of NSC on the
AR and Extended Yale B datasets with different α and β. The
X-axis is the parameter β, the Y-axis is the parameter α and the
Z-axis represents the clustering error or NMI. For the ease of
representation, we take the logarithms (base 10) of parameters.
We see that NSC is not sensitive to the parameter α in clustering

0%

clustering error

NMI

Fig. 5. The clustering error and NMI of NSC on the AR dataset with different activation functions.

error and NMI. As we know, the regularization term is crucial to
avoid the overfitting of models. Thus, an appropriate β can lead
to a good performance and the accuracies of clustering error
and NMI change sharply with the variation of β. When the β is
so large or small, the model has no effect. The grouping effect
is applied to guide the learning of the affine matrix and only
provides the tendency. For a given β, the clustering error and
NMI change slightly with different α.
We also evaluated the performances of different nonlinear
activation functions used in our NSC model such as the tanh, linear, nssigmod (Nair and Hinton, 2010), sigmod and ReLu
(Krizhevsky et al., 2012) functions on the AR dataset, where
the clustering performances of different methods are shown in
Figure 5 (the best results are recorded). We see that the ReLu
activation function has the worst performance in clustering error and linear activation function obtains the worst performance
in NMI. The activation function tanh achieves the lowest clustering error and highest value in NMI. The difference between
the activation functions linear and nssigmod is limited.
4.4. Evaluation on the Digital Dataset
The USPS dataset (Hull, 1994) is used to evaluate the performance of NSC on digital dataset. The USPS dataset has 9298
handwritten digit images and the size of each image is 16 × 16
pixels. For each digit, we selected the first 100 images. The
parameter settings of USPS dataset follows the parameter settings on Extended Yale Face B and AR datasets. We trained the
neural network on the USPS dataset with three layers and the
number of each layer is 256, 256 and 256, and α and β are set
as 1000 and 10.
The clustering error and NMI results are shown in Table 3.
As can be seen, NSC achieves best performance in clustering
error and NMI. For clustering error, NSC outperforms SSC
method by 29.1% and the best comparison method by 16.9%.
As to NMI, NSC improves SSC method by 19.4% and the best
comparison method by 9.4%. The digit dataset is utilized to validate that our proposed clustering method can handle the digit
dataset as well as face datasets.
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Fig. 4. The clustering error and NMI of NSC on AR and Extended Yale B datasets with different values of α and β: (a) the clustering error on AR, (b) the
clustering error on Extended Yale B, (c) the NMI on AR, (d) the NMI on Extended Yale B.

Table 3. Experimental results on the USPS dataset (%).

Method SSC LRR LSR1 LSR2 SMR NSC
CE 41.5 29.3 29.4 31.1 29.5 12.4
NMI 59.6 67.6 68.0 66.6 69.6 79.0

5. Conclusion
In this paper, we have proposed a nonlinear subspace clustering method (NSC) for image clustering. NSC simultaneously transforms the original feature space into a nonlinear space.
Experimental results have clearly shown that our NSC achieve
superior results than four state-of-the-art subspace clustering
methods. In the future, we are going to enforce more constraints to discover the geometrical information of samples to
further improve the clusering performance.
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